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Abstract
The generalized conseption of self-dual and anti-self dual forms and
manifolds is built. The complete classification of important classes of
self-dual and anti-self-dual generalized Kaehler manifolds is obtained.
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The present paper is the immediate continuation of Part 1 (see page 00-00).
Herein we shall refer to the results of Paper 1. The main purpose of the present
paper is studying geometry originality of 4-dimensional (pseudo-) Riemannian
manifolds. This originality is contained in the existence of a self-dual structure
on such manifolds. Then we investigate generalization possibilities of the struc-
ture on the manifolds of greater dimensions. Such investigation is created on
the base of the concept of generalized almost quaternionic structures which was
developed in the previous paper.
Section 4 introduces and investigates the class of vertical type AQα-struc-
tures generalizing the class of quaternionic-Kaehler structures, and finds the
criterion of the structural bundle of the structure being Einsteinian that gener-
alized the well-known Atiyah-Hitchin-Singer criterion of 4-dimensional oriented
Riemannian manifolds being Einsteinian in terms of self-dual forms on the man-
ifolds. We also prove the theorem of generalized quaternionic-Kaehler manifolds
of dimension greater than 4 being Einsteinian that generalizes the well-known
result of M.Berger.
Section 5 introduces and investigates the notion of t-conformal-semiflatAQα-
manifold generalizing the classical notion of self-dual and anti-self-dual 4-dimen-
sional Riemannian manifolds in the case AQα-manifolds ofarbitrary dimension.
We introduce the notion of twistor curvature tensor of a vertical type AQα-
manifold and prove that the twistor curvature tensor of t-conformal-semiflat
AQα-manifold is an algebraic curvature tensor. We also prove that anti-self-dual
AQα-manifolds as well as generalized quaternionic-Kaehler manifolds are the
manifolds of pointwise constant twistor curvature. It is proved that generalized
hyper-Kaehler manifolds are zero twistor curvature manifolds, and they also are
zero Ricci curvature manifolds. The result generalizes the well-known result of
M.Berger.
In Section 6 we prove that a 4-dimensional generalized Kaehler manifold is
self-dual iff its (generalized) Bochner curvature tensor is equal to zero. More-
over, we get a complete classification of 4-dimensional self-dual non-exceptional
manifolds of constant scalar curvature. It is proved that a 4-dimensional gen-
eralized Kaehler manifold is anti-self-dual if and only if its scalar curvature is
equal to zero. It is also proved that a 4-dimensional compact regular spinor
manifold carrying a classical type Kaehler structure is anti-self-dual if and only
if it is Ricci-flat. The above results essentially generalize the well-known results
of N. Hitchin, J.-P. Bourguignon, A. Derdzinski, B.-Y. Chen and M. Itoh.
4 Generalized Almost Quaternionic Manifolds
of Vertical Type
The study of geometry of 4-dimensional (pseudo-) Riemannian manifolds is of
great importance in the modern geometric investigations since such manifolds
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are significant in mathematical physics. It was the features of the geometry
that gave rise to the wide use of the well-known Penrose Twistor Programme in
modern investigations in the theory of gravitation and Yang-Mills fields. These
features are determined to a great extent by the existence of a natural almost
quaternionic structure on 4-dimensional (pseudo-) Riemannian manifolds. Na-
turally the question arises: what geometrical features of 4-dimensional manifolds
admit generalization onto almost quaternionic manifolds of arbitrary dimension
? For example, it is known that with every almost quaternionic manifold there
is naturally associated a twistor bundle, and a number of important results
of Penrose twistor geometry are naturally, though non-trivially, generalized on
other types of almost quaternionic manifolds, for example, on quaternionic-
Kaehler ones [1],[2].
The present chapter distinguishes the class of generalized almost quater-
nionic structures for which similar extrapolation looks most natural. They are
the so-called generalizeg almost quaternionic structures of vertical type that, as
we shall see below, generalize quaternionic-Kaehler structures. The main re-
sult of the chapter shows that structural bundle of the manifold carrying the
AQα-structure of vertical type is Einsteinian if and only if its Kaehler module
is invariant with respect to Riemann-Christoffel endomorphism. This widely
generalizes the classical Atiyah-Hitchin-Singer result giving a criterion of 4-
dimensional Riemannian manifolds being Einsteinian in terms of self-dual forms
[3]. It is also proved that generalized quaternionic-Kaehler manifold of dimen-
sion greater than 4 is an Einsteinian manifold, that generalizes the well-known
Berger theorem of quaternionic-Kaehler manifolds being Einsteinian [1].
4.1 Self-dual and anti-self-dual forms on AQ
α
-manifolds
Let M be an AQα-manifold, Q be its structural bundle. Note that algebra Hα
of generalized quaternions admits a canonical representation (of the first kind)
λ : Hα → EndHα, λ(q)(X) = qX ; X ∈ Hα. Indeed, λ(q1 q2)(X) = (q1 q2)X =
q1(q2X) = λ(q1) ◦ λ(q2)(X), i.e. λ(q1 q2) = λ(q1) ◦ λ(q2); q1, q2 ∈ Hα. Let
{ 1, j1, j2, j3 } be orthonormalized basis of the space Hα, j3 = j1j2, q = a+ bj1+
cj2 + dj3 ∈ Hα. Then in the basis
(λ(q)ij) =


a αb αc −d
b a αd −αc
c −αd a αb
d −c b a

 .
Thus, any α-quaternion admits identification with endomorphism of 4-dimen-
sional real space Hα. Lowering index of the endomorphism we get a tensor of
the type (2,0) on this linear space that will be skew-symmetric iff a = 0, i.e.
α-quaternion q is purely imaginary. In its turn, fibre bundle Q has a natural
metric g = (·, ·) generated by the metric of algebra Hα. Using it we lower index
of the purely imaginary α-quaternion regarded in it canonical representation
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and get a 2-form ω on the space of fibre bundle Q, that we call a fundamental
form of the α-quaternion.
Similarly, we can consider canonical representation of the second kind µ :
Hα → EndHa; µ(q)(X) = Xq; X ∈ Hα. In this case µ(q1 q2) = µ(q2) ◦
µ(q1); q1, q2 ∈ Hα. Here the mentioned α-quaternion q in orthonormalized
basis { 1, j1, j2, j3 }, j3 = j1j2, will be represented by the matrix
(µ(q)ij) =


a αb αc −d
b a −αd αc
c αd a −αb
d c −b a


Lowering index of endomorphism µ(q) we get the tensor of the type (2,0) on the
real spaceHα that will be skew-symmetric iff a = 0. Thus, lowering index of the
purely imaginary α-quaternion q ∈ {Q} regarded in canonical representation of
the second kind and using the fibre metric we get 2-form on the space of fibre
bundle Q that we call a pseudo-fundamental form of the α-quaternion.
Similarly to the above, an AQα-manifold M is assumed calibrated and thus,
X(Q) = V ⊕ H, where V and H are, respectively, vertical and horisontal distri-
butions of metric connection in fibre bundle Q induced by calibration. Recall
that tensor t ∈ T sr (Q) is called vertical if it vanishes if at least one of the ar-
guments of the tensor regarded as a polylinear function is horisontal. In other
word, a tensor t is vertical if ∀X1, . . . , Xr ∈ X(Q), ∀ω1, . . . , ωs ∈ X∗(Q) =⇒
t(X1, . . . , Xr, ω
1, . . . , ωs) = t(XV1 , . . . , X
V
r , ω
1
V , . . . , ω
s
V ), where X
V , ωV are ver-
tical constituents of vector X and covector ω, respectively. Vertical tensors
define a subalgebra of tensor algebra T (Q) that we call vertical tensor alge-
bra and denote it by TV (Q). Similar remarks refer to Grassnanian algebra
Λ(Q) ⊃ ΛV (Q). In particular, pointwise localization of module (Λr)V (Q) has
dimension Cr4 =
4!
r!(4−r)! ; 0 ≤ r ≤ 4, and zero dimension, when r > 4. Thus,
we have naturally defined the Grassmanian algebra ΛV (Q) = ⊕4r=0(Λr)V (Q)
that we call a vertical Grassmanian algebra. Note that module (Λ4)V is one-
dimensional; as its basis we naturally take the form η defined by the equality
ηp =
√
det(g)ω0 ∧ ω1 ∧ ω2 ∧ ω3,
where (g) is Gramme matrix of metric gp, { p, ω0, ω1, ω2, ω3 } is a coframe dual
to frame { p, e0, e1, e2, e3 } ∈ BQ of the space Vp = Qp; p ∈ Q. We check the
independence of ηp on the choice of basis in a standard way. We call the form
η a vertical volume form. Evidently, it generates the orientation of the bundle
V = {Q}.
Definition 18. We call (vertical) Hodge operator the endomorphism ∗ :
ΛV (Q)→ ΛV (Q) being defined by the equality
ω ∧ (∗ϑ) = (ω, ϑ)η; ω, ϑ ∈ (Λr)V (Q), r = 0, 1, 2, 3, 4;
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where (·, ·) is scalar product in ΛV (Q) induced by metric in Q.
In particular, ∗ : (Λ2)V (Q) → (Λ2)V (Q), and (ω, ϑ) = 12ωβγ ϑβγ , then
(∗ω)βγ = ωδε, where
(
0 1 2 3
β γ δ ε
)
is even permutation. Hence, (∗)2 = id
on (Λ2)V (Q) and then, ∗|(Λ2)V (Q) has eigenvalues ±1.
Definition 19. A vertical 2-form on Q is called self-dual (resp., anti-self-
dual) if it is an eigenvector of Hodge operator with eigenvalue 1 (resp., -1). If it
is also parallel along the fibres of structural bundle (i.e. projectable) it is called
a form on M. The module of self-dual (resp., anti-self-dual) forms on M will be
denote by Λ+(M) (resp., Λ−(M)).
Theorem 23. A projectable vertical 2-form is self-dual on an AQα-manifold
M iff it is a fundamental form of a purely imaginary α-quaternion. Here, the
orientation of fibre bundle Q generated by exterior square of the form corresponds
to the canonical orientation of the bundle iff the α-quaternion has a real norm.
Proof. Let ω be a projectable vertical 2-form. By definition, ω ∈ Λ+(M)
⇐⇒ ∗ω = ω. Denote by { ηβγδε } components of tensor η in a positively oriented
frame. Then, if {ωβγ } are components of the 2-form ω, then the condition of
its self-duality (see (7)) can be written in the form
ωβγ =
1
2
ηβγδε g
δζ gεϑ ωζϑ.
On the space of bundle BQ, where (gβγ) = diag(1,−α,−α, 1) these correla-
tions will assume the form ω
βˆγˆ
= ε(β, γ)ωβγ , where ε(β, γ) = gββ gγγ ; β, γ =
0, 1, 2, 3; (βˆ, γˆ) is a complementing the pair (β, γ) up to the even permutation
of indices (0,1,2,3). It means that
ω ∈ Λ+(M) ⇐⇒ (ωβγ) =


0 αx αy −z
−αx 0 −z y
−ay z 0 −x
z −y x 0

 (38)
Raising the index of the form we get the endomorphism of the fibre bundle Q
that, by the above, can be identified with the purely imaginary α-quaternion
q = xJ1+yJ2+zJ3. Evidently, the inverse is also true: by (38) the fundamental
form of purely imaginary α-quaternion is self-dual. Note that, by definition of
self-dual form, ω ∧ ω = ω ∧ (∗ω) = (ω, ω)η, and hence, orientation of the fibre
bundle Q generated by the form ω ∧ ω coincides with the canonical orientation
of this fibre bundle iff ‖ω‖2 > 0, i.e. |q|2 > 0. ✷
Similarly, we prove
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Theorem 24. A projectable vertical 2-form is anti-self-dual on a AQα-
manifold iff it is a pseudofundamental form of a purely imaginary α-quaternion.
Here, orientation of the fibre bundle generated by exterior square of the form is
inverse to the natural orientation of the fibre bundle iff the α-quaternion has a
real norm. ✷
4.2 Vertical tensors on AQ
α
-manifold
LetM be an 4n-dimensional almost α-quaternionic manifold, Q be its structural
bundle. In a standard way [4] it is proved that giving of an AQα-structure
on M is equivalent to giving of G-structure on the manifold with structural
group G = GL(n,Hα) ·Spα(1), where Spα(m) is a symplectic group of order m
over the ring Hα. The elements of the space of this G-structure called adapted
frames, or A-frames, are constructing in the following way. Let p ∈ M , r =
(J0 = id, J1, J2, J3) ∈ BQ be a positively oriented orthonormalized basis of
fibre Qp, (e1, . . . , en) be the basis of the space Tp(M) regarded asHα-module: if
q = a+bj1+cj2+dj3 ∈ Hα, X ∈ Tp(M), then qX = aX+bJ1X+cJ2X+dJ3X .
Assume the greek indices to be in range from 0 to 3, the latin ones - in range
from 1 to n. Denote eβa = Jβ(ea). Then (p, eβa; β = 0, . . . , 3; a = 1, . . . , n)
is a frame of the space Tp(M) called adapted. Evidently, in this frame
(J1) =


0 αI 0 0
I 0 0 0
0 0 0 αI
0 0 I 0

 ; (J2) =


0 0 αI 0
0 0 0 −αI
I 0 0 0
0 −I 0 0

 ;
(J3) =


0 0 0 −I
0 0 αI 0
0 −αI 0 0
I 0 0 0

 . (39)
and then (Jk) = (jk)⊗I; k = 1, 2, 3; I is a unit matrix of order n. Evidently,
giving tensor t of the type (1,1) on M is defined by giving of a function set
{ tβiγj } on the space of G-structure that are components of the tensor in the
corresponding A-frame. It follow from (39) that such tensor is an α-quaternion
q = a id + bJ1 + cJ2 + dJ3 iff t
βi
γj = q
β
γ δ
i
j , where
(qβγ ) =


a αb αc −d
b a αd −αc
c −αd a αb
d −c b a


is the matrix of α-quaternion q in basis { id, J1, J2, J3 } regarded as endomor-
phism of the structural bundle.
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Consider the natural representation of endomorphisms algebra of module
X(M) of AQα-manifold M into endomorphisms algebra of module T 11 (M), the
representation being generated by the left shifts. Namely, if f ∈ T 11 (M) we
juxtapose it to endomorphism fˆ acting by formula fˆ(g) = f ◦ g; g ∈ T 11 (M).
Evidently, the mapping f → fˆ is representation in view of endomorphisms
algebra being associative. The question naturally arises: when does element
f ∈ T 11 (M) in this representation preserves the structural bundle and, thus,
induces the structural bundle endomorphism ? The question is answered by
Theorem 25. Let M be an AQα-manifold. Endomorphism t ∈ T 11 (M)
induces structural bundle endomorphism iff its components on the space of G-
structure have the form
tγcβb = t
γ
β δ
c
b. (40)
Proof. Let equalities (40) hold and let q ∈ {Q }. Assume tˆ(q) = t ◦ q. Fix
frame (p, Jβ ; β = 0, . . . , 3) in Qp and its corresponding A-frame (p, eβb) ∈ G.
We have tˆ(Jβ)(eb) = t ◦ Jβ(eb) = t(Jβ(eb)) = t(eβb) = tγcβb eγc = tγβ δcb eγc =
tγβ eγb = t
γ
β Jγ(eb); b = 1, . . . , n, hence tˆ(Jβ) = t
γ
β Jγ , i.e. endomorphism
tˆ : f → t ◦ f of module T 11 (M) preserves the structural bundle, and thus,
induces its endomorphism. Inversely, let tˆ : f → t ◦ f preserves the structural
bundle. Then tˆ(Jβ) = t
γ
β Jγ and t(eβb) = t(Jβ(eb)) = t ◦ Jβ(eb) = tˆ(Jβ)(eb) =
tγβ Jγ(eb) = t
γ
β δ
c
b Jγ(ec) = t
γ
β δ
c
b eγc. Thus, t
γc
βb = t
γ
β δ
c
b . ✷
Evidently, giving structural bundle endomorphism is equivalent to giving
vertical tensor tV ∈ (T 11 )V (Q) and, thus, Theorem 25 can be formulated as
follow:
Theorem 26. Let M be an AQα-manifold. Endomorphism t ∈ T 11 (M) in
natural representation generates vertical tensor tV ∈ (T 11 )V (Q) iff its compo-
nents on the space of G-structure have the form tγcβb = tγβ δcb . ✷
Definition 20. Endomorphism t of the module X(M) of a AQα-manifold
M preserving the structural bundle in the natural representation and, thus,
generating vertical tensor on Q is called vertical endomorphism.
Example. As we have seen, any α-quaternion q ∈ {Q } satisfies the con-
dition of Theorem 26 and, thus, it is a vertical endomorphism. The validity of
(40) in this case can also be shown in another way. Let q ∈ Q. Then q(eβb) =
q(Jβ(eb)) = q
γ Jγ(Jβ(eb)) = q
γ(Jγ ◦ Jβ)eb = qγ Cεγβ Jε(eb) = qγ Cεγβ δcb Jε(ec) =
qεβ δ
c
b eεc i.e. q
εc
βb = q
ε
β δ
c
b , where q
ε
β = C
ε
γβ q
γ , {Cεγβ } are structural tensor com-
ponents of α-quaternion algebra.
Similar terminology will be preserved for other tensor types on M , received
from vertical endomorphisms by means of classical operations of tensor algebra.
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In particular, if M is a pseudo-Riemannian manifold, a 2-form on M is called
vertical if it is corresponds to a vertical endomorphism in raising the index.
Evidently, the set of all vertical 2-forms on M forms a submodule (Λ2)V (M) ⊂
Λ2(M) that we call a module of vertical 2-forms on M.
Definition 21. An AQα-structure on a pseudo-Riemannian manifold (M,G =
〈·, ·〉) is called generalized quaternionic-Hermitian, or HAQα-structure if
∀J ∈ {T } =⇒ 〈JX, Y 〉+ 〈X, JY 〉 = 0; X,Y ∈ X(M).
In this case for any purely imaginary α-quaternion q onM tensor Ω(X,Y ) =
〈X, qY 〉 is a vertical form onM called Kaehler form of α-quaternion q. Kaehler
2-forms onM form a submodule K(M) ⊂ (Λ2)V (M) that we callKaehler module
of HAQα-structure. By Theorem 23, the image of Kaehler module in natural
representation (in combination with lowering the index by means of fibre metric)
is a module of self-dual forms on M .
Giving an HAQα-structure on manifold M4n is equivalent to giving G-
structure on M with structural group G = Spα(n) · Spα(1) whose total space
elements are A-frames, and their vectors { e1, . . . , en } form an orthonormal-
ized system in quaternionic-Hermitian metric 〈〈X,Y 〉〉 = 〈X,Y 〉+ i〈X, I3Y 〉+
j〈X, J3Y 〉 + k〈X,K3Y 〉, where { id, I, J,K } is positively oriented orthonor-
malized basis of fibre Qp an arbitrary point p ∈M .
Lemma 3. On the space of G-structure components of metric tensor of an
HAQα-manifold have the form: Gβbγc = gβγ Gbc, where { gβγ } are components
of fibre metric of the structural bundle, Gbc = 〈eb, ec〉.
Proof. We have:
Gβbγc = 〈Jβ(eb), Jγ(ec)〉 = −〈Jγ ◦ Jβ(eb), ec〉 =
= −Cδγβ〈Jδ(eb), ec〉 = −C0γβ〈eb, ec〉,
where {Cδγβ } are structural constants of α-quaternion algebra. Note that
since for any pair { q1, q2 } of purely imaginary α-quaternions q1q2 + q2 q1 =
−2〈q1, q2〉, q1q2 − q2 q1 = [q1, q2], then q1 q2 = −〈q1, q2〉 + 12 [q1, q2]. Thus,
Re (q1q2) = −〈q1, q2〉, Im (q1q2) = 12 [q1, q2], where Re q and Im q are real and
purely imaginary parts of α-quaternion q, respectively. Hence, C0γβ = Re (JγJβ) =
−〈Jγ , Jβ〉 = −gγβ = −gβγ. Thus, Gβbγc = gβγ〈eb, ec〉 = gβγ Gbc. ✷
Let Ω be a vertical 2-form on an HAQα-manifold M , {Ωβbγc } be its com-
ponents on the space of G-structure. By Theorem 26, Gεhβb Ωεhγc = tβγ δbc,
and thus, GβbδdG
εhβbΩεhγc = t
β
γ Gβcδd. But GβbδdG
εhβb = δεδ δ
h
d , hence,
Ωδdγc = Gδdβc δ
β
γ . But by Lemma 3,
Ωδdγc = ωδγ Gdc, (41)
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where ωδγ = gδβ t
β
γ are components of tensor ω on Q, being the image of form
Ω in natural representation. From (41) it follows that ωδγ =
1
n
Gdc Ωδdγc, in
particular, ω is skew-symmetric tensor being, evidently, a projectable vertical
2-form on the space Q. Evidently, the inverse is also true: let ω be projectable
vertical 2-form on Q, then 2-form Ω on M defined by (41) is a vertical 2-form
on M . Thus, we have proved
Theorem 27. The module of vertical 2-forms on an HAQα-manifold M in
natural representation coincides with module (ΛpiV )
2(Q) of projectable vertical
2-forms on the space Q. ✷
Now we shall identify the moduls sometime.
As a corollary we get the following result:
Theorem 28. The module of vertical 2-forms on an HAQα-manifold M
is decomposed into orthogonal direct sum of Kaehler module and the submodule
coinciding in natural representation with the submodule of anti-self-dual forms
on M and serving as a Kaehler module of a uniquely defined HAQα-structure
on M.
Proof. Note that module (ΛpiV )
2(Q) of projectable vertical 2-forms on Q
is decomposed into orthogonal direct sum of submodules of self-dual and anti-
self-dual forms on M . Indeed, by definition, (ΛpiV )
2(Q) = Λ+(M) ⊕ Λ−(M).If
ω ∈ Λ+(M), ϑ ∈ Λ−(M), then 〈ω, ϑ〉η = ω ∧ (∗ϑ) = −ω ∧ ϑ = −ϑ ∧ ω =
−ϑ ∧ (∗ω) = −〈ϑ, ω〉η = −〈ω, ϑ〉η, hence, 〈ω, ϑ〉 = 0, and thus, Λ+(M) ⊥
Λ−(M). Now let Ω,Θ ∈ ΛV (M), ω, ϑ are their images in natural representation.
From (41) it follows that the forms Ω and Θ are orthogonal in metric G iff the
forms ω and ϑ are orthogonal in fibre metric. In particular, submodule K(M)⊥
in natural representation coincides with submodule of anti-self-dual forms on
M . Further, as in proof of Theorem 4, we see that in natural identification of
elements of module K(M)⊥ with endomorphisms of module X(M) fibre bundle
Sc(M)⊕K(M)⊥ defines an HAQα-structure on M . ✷
Definition 22. HAQα-structures Q = Sc(M)⊕K(M) and Q∗ = Sc(M)⊕
K(M)⊥ on manifold M will be called conjugate.
4.3 Generalized quaternionic-Kaehler structures
Definition 23. AnHAQα-structure is called a generalized quaternionic-Kaehler,
or KAQα-structure if its structural bundle is invariant with respect to parallel
translations in Riemannian connection.
It means that Riemannian connection ∇ is an AQα-connection, and we fix
it as calibration.
Evidently, any quaternionic-Kaehler structure (see example 3 in section 2.2)
is a KAQα-structure.
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Theorem 29. A kq-manifold M of dimension 4n > 4 is an Einsteinian
manifold.
Proof. Let U = {Ua }a∈A be the local triviality covering of G-structure for
manifold M , U ∈ U. Then narrowing Q on U is a piAQα-structure, and thus,
there is a pair twistors { I, J } on U , such that {Q|U } is generated by their
algebraic shell, i.e. {Q|U } = L( id, J1, J2, J3 ), where J1 = I, J2 = J, J3 =
K = I ◦ J . Besides, there exists the system { e1, . . . , en } of vector fields on U
such that the system { eβb }, β = 0, . . . , 3; b = 1, . . . , n, where eβb = Jβ(eb),
defines the space section of G-structure over U . In this case if X,Y ∈ X(U) then
∇Y (Jβ) = ω(Y )γβ Jγ , where ω = {ωγβ } is a form on U with values in Lie algebra
so(2 − α, 1 + α;R) of the structural group of bundle BQ, at every point of U .
Further, let R(X,Y ) = ∇X ∇Y − ∇Y ∇X − ∇[X,Y ] is a Riemann-Christoffel
tensor. Then
R(X,Y )(Jβ) = ∇X ∇Y (Jβ)−∇Y ∇X (Jβ)−∇[X,Y ](Jβ)
= ∇X (ω(Y )γβ Jγ)−∇Y (ω(X)γβ Jγ)− ω([X,Y ])γβ Jγ
= Xω(Y )γβ Jγ + ω(Y )
γ
β ∇X Jγ − Y ω(X)γβ Jγ −
−ω(X)γβ∇Y Jγ − ω([X,Y ])γβ Jγ
= (Xω(Y )γβ − Y ω(X)γβ − ω([X,Y ])γβ)Jγ +
+ω(Y )γβ ω(X)
δ
γ Jδ − ω(X)γβ ω(Y )δγ Jδ
= 2dω(X,Y )γβ Jγ + (ω(X)
δ
γ ω(Y )
γ
β − ω(Y )δγω(X)γβ)Jδ
= 2(dω(X,Y )γβ +
1
2
[ω, ω](X,Y )γβ)Jγ .
Thus,
R(X,Y )Jβ = 2Dω(X,Y )
γ
β Jγ ; β, γ = 1, 2, 3, (42)
where Dω = dω + 12 [ω, ω] is a 2-form on U with values in Lie algebra so(2− α,
1 + α;R). Here R(X,Y ) is regarded as differentiation of tensor algebra on
manifold M generated by endomorphism R(X,Y ) of module X(M), and thus,
R(X,Y )Jβ = [R(X,Y ), Jβ ]. (43)
Let the form Dω be given by the function matrix
(Dωγβ) =

 0 −c b0 −a
αb −αa 0

 .
Then by (43) identities (42) can be written in the form
1) [R(X,Y ), I] = c(X,Y )J + αb(X,Y )K;
2) [R(X,Y ), J ] = −c(X,Y )I − αa(X,Y )K; (44)
3) [R(X,Y ),K] = b(X,Y )I − a(X,Y )J.
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Apply (443) to vector Z ∈ X(U) and find scalar product of the result and vector
JZ:
〈R(X,Y )KZ, JZ〉 − 〈K ◦R(X,Y )Z, JZ〉 =
= b(X,Y )〈IZ, JZ〉 − a(X,Y )〈JZ, JZ〉. (45)
Since 〈IZ, JZ〉 = −〈Z,KZ〉 = 0; 〈JZ, JZ〉 = −α〈Z,Z〉; 〈R(X,Y )KZ, JZ〉 =
−〈R(X,Y )JZ,KZ〉; −〈K ◦R(X,Y )Z, JZ〉 = 〈J ◦ I ◦R(X,Y )Z, JZ〉 = −α〈I ◦
R(X,Y )Z,Z〉 = α〈R(X,Y )Z, IZ〉, equality (45) can be rewritten in the form
a(X,Y )‖Z‖2 = 〈R(X,Y )Z, IZ〉 − α〈R(X,Y )JZ,KZ〉. (46)
Numerate elements { eβb } of the local section of G-structure space by one index
{ ei }, i = 1, . . . , 4n. Assume Z = ‖ei‖ei in (33) and summarize by i from 1
to 4n. Remark that −α∑4ni=1〈R(X,Y )Jei,Kei〉‖ei‖2 = ∑4ni=1〈R(X,Y )Jei, I ◦
Jei〉‖Jei‖2 =
∑4n
i=1〈R(X,Y )ei, Iei〉‖ei‖2, and ‖ei‖4 = 1. Then we get:
4na(X,Y ) = 2
4n∑
i=1
〈R(X,Y )ei, Iei〉‖ei‖2. (47)
Apply Ricci identity to the right part of the equality:
2na(X,Y ) = −
4n∑
i=1
{〈R(X, ei)Iei, Y 〉+ 〈R(X, Iei)Y, ei〉}‖ei‖2,
or
2na(X,Y ) =
4n∑
i=1
{〈R(X, ei)Y, Iei〉 − 〈R(X, Iei)Y, ei〉}‖ei‖2.
Note that
4n∑
i=1
〈R(X, Iei)Y, ei〉‖ei‖2 =
4n∑
i=1
〈R(X, I2ei)Y, Iei〉‖Iei‖2
= −
4n∑
i=1
〈R(X, ei)Y, Iei〉‖ei‖2,
and then,
na(X,Y ) =
4n∑
i=1
〈R(X, ei)Y, Iei〉‖ei‖2 = −
4n∑
i=1
〈I ◦R(X, ei)Y, ei〉‖ei‖2.
But in view of (441),
−
4n∑
i=1
〈R(X, ei)Y, ei〉‖ei‖2 = −
4n∑
i=1
{ 〈R(X, ei)IY, ei〉 − c(X, ei)〈JY, ei〉 −
−αb(X, ei)〈KY, ei〉 }‖ei‖2 = −Ric(X, IY ) + c(X, JY ) + αb(X,KY ),
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hence,
na(X,Y ) = −Ric(X, IY ) + c(X, JY ) + αb(X,KY ). (48)
Where Ric is Ricci tensor. Similarly,
nb(X,Y ) = −Ric(X, JY )− αa(X,KY )− c(X, IY ), (49)
nc(X,Y ) = αRic(X,KY )− αb(X, IY ) + αa(X, JY ). (50)
Substituting IY, JY and KY for Y in (48),(49) and (50), respectively, and in
view of I2 = J2 = α id, K2 = − id, we get:
na(X, JY ) + b(X, JY ) + c(X,KY ) = −αRic(X,Y );
a(X, IY ) + nb(X, JY ) + c(X,KY ) = −αRic(X,Y ); (51)
a(X, IY ) + b(X, JY ) + nc(X,KY ) = −αRic(X,Y ).
Substracting elementwise equations of the system, we get:
a(X, IY ) = b(X, JY ) = c(X,KY ),
and in view of (51),
a(X, IY ) = b(X, JY ) = c(X,KY ) = − α
n+ 2
Ric(X,Y ). (52)
Now we can rewrite (46) in the form
〈R(X, IY )Z, IZ〉 − α〈R(X, IY )JZ,KZ〉 = − α
n+ 2
Ric(X,Y )‖Z‖2.
In particular, if X = Y , the equality has the form
〈R(X, IX)Z, IZ〉 − α〈R(X, IX)JZ,KZ〉 = − α
n+ 2
Ric(X,X)‖Z‖2. (53)
Substitute JX for X in (53):
〈R(JX,KX)Z, IZ〉−α〈R(JX,KX)JZ,KZ〉 = α
n+ 2
Ric(JX, JX)‖Z2. (54)
Note that
Ric(JX, JX) = −α(n+ 2)b(JX, J2X) = −(n+ 2)b(JX,X) = −αRic(X,X).
In view of above multiply both parts of (54) by (−α) and add elementwise to
(53):
〈R(X, IX)Z, IZ〉 − α〈R(X, IX)JZ,KZ〉 − α〈R(JX,KX)Z, IZ〉+
+〈R(JX,KX)JZ,KZ〉 = − 2α
n+ 2
Ric(X,X)‖Z‖2.
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Note that the left part of the equality is symmetric with respect to X and Z.
Thus, Ric(X,X)‖Z‖2 = Ric(Z,Z)‖X‖2. Polarize this equality by argument X ,
we get: Ric(X,Y )‖Z‖2 = Ric(Z,Z)〈X,Y 〉. Assume here Z = ‖ei‖ei and sum-
marize by i from 1 to 4n: 4nRic(X,Y ) = s〈X,Y 〉, where s is scalar curvature
of the manifold. Thus,
Ric(X,Y ) =
s
4n
〈X,Y 〉,
i.e. M is Einsteinian manifold. ✷
The above result generalizes the well-known Berger theorem of quaternionic-
Kaehler manifolds of dimension greater than 4 being Einsteinian [1].
4.4 HAQ
α
-structures of vertical type
Let M be an HAQα-manifold, R be a Riemann-Christoffel tensor of metric G.
The classical features of symmetry of this tensor mean that it can be regarded
as self-conjugate endomorphism of a 2-form module on M . It will be called a
Riemann-Cristoffel endomorphism.
Definition 24. AnHAQα-structure on manifoldM is called the structure of
vertical type if a Riemann-Christoffel endomorphism generated by the manifold
metric preserves the module of vertical 2-forms on M .
For example, by Theorem 26 a canonicalHAQα-structure of a 4-dimensional
oriented pseudo-Riemannian manifold has a vertical type. Moreover, there holds
the following
Theorem 30. Any KAQα-manifold is a HAQα-manifold of vertical type.
Proof. By definition, the structural bundle of KAQα-manifold M , dimM =
4n, is invariant with respect to parallel translations in Riemannian connection∇
of manifold. The module of vertical endomorphisms as well as the one of vertical
2-forms on M have, naturally, the same property. (Indeed, if t ∈ T 11 (M) is a
vertical endomorphism, X ∈ X(M), then (∇X tˆ)q = ∇X (t ◦ q) − t ◦ ∇X (q) ∈
{Q }; q ∈ {Q }). Moreover, in view of the parallelity of the metric tensor in
Riemannian connection the HAQα-structure conjugate to a KAQα-structure is
a KAQα-structure itself. Now let n > 1, I be a twistor at an arbitrary point
p ∈M , Ω be its Kaehler form. Then in view of (47) and (52) we have
R(Ω)(X,Y ) =
1
2
R(X,Y )ijΩ
ij
=
1
2
4n∑
i,j=1
〈R(X,Y )ei, e〉Ω(ei, ej) =
1
2
4n∑
i,j=1
〈R(X,Y )ei, ej〉〈ei, Iej〉
=
1
2
4n∑
i,j=1
〈R(X,Y )ei, Iej〉〈ei, I2ej〉 = α
2
4n∑
i=1
〈R(X,Y )ei, Iei〉‖ei‖2
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= αna(X,Y ) = na(X, I2Y ) = − αn
n+ 2
Ric(X, IY ),
where Ric is Ricci tensor of manifold M, X, Y ∈ X(M). Here { e1, . . . , e4n }
is orthonormalized bazis adapted to twistor J . But by Theorem 29, a KAQα-
manifold of dimension 4n > 4 is Einsteinian and thus,
R(Ω)(X,Y ) = − αnε
n+ 2
〈X, IY 〉 = − αnε
n+ 2
Ω(X,Y ),
i.e.
R(Ω) = − αnε
n+ 2
Ω, (55)
where ε is Einstein constant. In particular, endomorphism R transfers the
Kaehler module of a KAQα-structure into itself. But in view of the same con-
siderations this endomorphism transfers into itself the Kaehler module of the
conjugate structure, too. And by Theoreme 28 the endomorphism preserves the
module of vertical 2-forms on M . ✷
Corollary. Any quaternionic-Kaehler manifold is an HAQα-manifold of
vertical type. ✷
Let M be an HAQα-manifold of vertical type. Then the Riemannian-
Christoffel endomorphism R induces endomorphism r of module (Λ2)V (M) of
vertical 2-forms onM . We find the matrix of the endomorphism as the function
system { rβγδε } on the space of fibre bundle BQ. Let {Rβbγcδdεh } be compo-
nents of tensor R on the space of G-structure, Ω be a vertical 2-form on M .
Then R(Ω)βbγc = RβbγcδdεhΩ
δdεh. But by (41), Ωδdεh = ωδεGdh, R(Ω)βbγc =
r(ω)βγ Gbc and thus, r(ω)βγ Gbc = RβbγcδdεhG
dh ωδε, hence, r(ω)βγ =
1
n
GbcGdhRβbγcδdεh ω
δε.
Thus,
rβγδε =
1
n
GbcGdhRβbγcδdεh. (56)
In view of symmetry properties of tensor R and (56) we get
Proposition 15. Tensor r has the following symmetry properties:
1) rβγδε = −rγβδε; 2) rβγδε = −rβγεδ; 3) rβγδε = rδεβγ .
Proof. Taking into account equality (56), we have:
1) rβγδε =
1
n
RβbγcδdεhG
bcGdh = − 1
n
RγcβbδdεhG
bcGdh =
= − 1
n
RγcβbδdεhG
cbGdh = −rγβδε.
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Similarly for 2). Finally,
3) rβγδε =
1
n
RβbγcδdεhG
bcGdh =
1
n
RδdεhβbγcG
bcGdh =
=
1
n
RδbεcβdγhG
dhGbc =
1
n
RδbεcβdγhG
bcGdh = rδεβγ . ✷
Summarizing the above we get the following result:
Theorem 31. Riemann-Christoffel endomorphism of an HAQα-manifold
of vertical type induces a self-conjugate endomorphism of vertical 2-form module
of this manifold. ✷
Definition 25. Endomorphism r : (Λ2)V (M)→ (Λ2)V (M) will be called a
twistor curvature (or t-curvature) tensor of an HAQα-manifold M .
The sense of the definition will be made clear in the following chapter. Note
that in the case dimM = 4 we have r = R, in particular, tensor r components
in the frame (p, e, J1(e), J2(e), J3(e)); e ∈ Tp(M), |e‖ = 1, coincides with
tensor R components in this frame. The question naturally arises: When does
endomorphism r (in natural reprsentation) preserve the module of self-dual (and
anti-self-dual) forms of the manifold ? We know that this module in natural
representation corresponds to the Kaehler module of the manifold, and thus,
the question can be put in the following way: When does Riemann-Christoffel
endomorphism preserve the Kaehler module of an HAQα-manifold of vertical
type ?
Definition 26. The structural bundle Q of anHAQα-manifoldM of vertical
type will be called Einsteinian if on the space of fibre bundle BQ over this
manifold
gβδrβγδε = cgγε; c ∈ C∞ (M). (57)
It is clear that if dimM = 4, the property of the structural bundle being
Einsteinian is equivalent to manifold M being Einsteinian.
Theorem 32. Riemann-Christoffel endomorphism of an HAQα-manifold
of vertical type preserves the Kaehler module of the manifold iff the structural
bundle of the manifold is Einsteinian.
Proof. The assertion of the theorem is, evidently, equivalent to the following:
endomorphism r preserves in natural representation module Λ+(M) of self-dual
forms on HAQα-manifold M of vertical type iff on BQ identities (57) are valid.
Let ω ∈ Λ+(M). On the space B(Q) this 2-form is characterized by the function
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matrix
(ωβγ) =


0 −x −y −z
x 0 −z −αy
y z 0 αx
z αy −αx 0

 . (58)
Thus, r(Λ+(M)) ⊂ Λ+(M) ⇐⇒ (∀ω ∈ Λ+(M) =⇒ r(ω) ∈ Λ+(M)), i.e.
1) (αr01βγ + r23βγ)ω
βγ = 0;
2) (αr02βγ − r13βγ)ωβγ = 0;
3) (r03βγ − r12βγ)ωβγ = 0.
(59)
Further, ωβγ = gβδ gγζ ωδζ = ε(β, γ)ωβγ , and by (58),
(ωβγ) =


0 αx αy −z
−αx 0 −z y
−αy z 0 −x
z −y x 0

 .
Consequently, correlations (59) have the form
1) (αr0101 + r2301)αx + (αr0102 + r2302)αy−
−(αr0103 + r2303)z − (αr0112 + r2312)z+
+(αr0113 + r2313)y − (αr0113 + r2323)x = 0.
In view of the fact that these correlations must equivalently hold with respect
to x, y, z, we get:
r0101 − r2323 = 0;
r0102 + αr2302 + αr0113 + r2313 = 0;
αr0103 + r2303 + αr0112 + r2312 = 0.
(60)
2) (αr0201 − r1301)αx + (αr0202 − r2302)αy−
−(αr0203 − r1303)z − (αr0212 − r1312)z+
+(αr0213 − r1313)y − (αr0223 − r1323)x = 0;
hence
r0201 − αr1301 − αr0223 + r1323 = 0;
r0202 − r1313 = 0;
αr0203 − r1303 + αr0212 − r1312 = 0.
(61)
3) (r0301 − r1201)αx + (r0302 − r1302)αy−
−(r0303 − r1203)z − (r0312 − r1212)z+
+(r0313 − r1213)y − (r0323 − r1223)x = 0;
hence
αr0301 − αr1201 − r0323 + r1223 = 0;
αr0302 − αr1202 + r0313 − r1213 = 0;
r0303 − r1212 = 0.
(62)
16
Comparing (602) and (611) we get:
r0102 + r1323 = 0; r2302 + r0113 = 0. (63)
Similarly, comparing (603) and (621), (613) and (622), we get, respectively:
αr0112 + r0323 = 0; αr0103 + r1223 = 0;
αr0212 − r0313 = 0; αr0203 − r1213 = 0. (64)
Equalities (63) and (64) can be rewritted in the form
r0102 + r3132 = 0; r1013 + r2023 = 0; −αr1012 + r3032 = 0;
r0103 − αr2123 = 0; −αr2021 + r3031 = 0; r0203 − αr1213 = 0;
or gβδ rβγδε = 0 (γ 6= ε), i.e. gβδ rβγδε = cgγε (γ 6= ε). It is asserted that the
system of the rest of the equalities
r0101 = r2323; r0202 = r1313; r0303 = r1212; (65)
is equivalent to equalities gβγ rβγδγ = cgγγ , i.e.
gβδ rβ0δ0 = −αgβδ rβ1δ1 = −αgβδ rβ2δ2 = gβδ rβ3δ3,
i.e.
−αr1010 − αr2020 + r3030 = −αr0101 + r2121 − αr3131
= −αr0202 + r1212 − αr3232 = r0303 − αr1313 − αr2323. (66)
Indeed, comparing the first and the forth expressions in (66), we get:
r1010 + r2020 = r1313 + r2323.
On the other hand, comparing the second and the third expressions in (66), we
get:
r1010 − r2020 = −r1313 + r2323,
hence,
r1010 = r2323, r2020 = r1313.
In view of the above and comparing the first and the second equalities in (66)
we find that −αr2020 + r3030 = r2121 − αr2020, i.e. r3030 = r1212. Evidently,
the inverse is also trouth. Combining these results we get that gβδrβγδε = cgγε.
Inversely, from the above it follows that validity of these conditions is equivalent
to (63)-(65) that, as we have seen, are equivalent to (59) by (58), i.e. to module
Λ+(M) being invariant with respect to endomorphism r. ✷
Corollary. A 4-dimensional oriented pseudo-Riemannian manifold of index
0 or 2 is Einsteinian iff its module of self-dual forms is invariant with respect
to Riemann-Chrictoffel endomorphism. ✷
The above Corollary shows that the proved Theorem 32 is a broad genera-
lization of the known Atiyah-Hitchin-Singer theorem giving a criterion of 4-
dimensional Riemannian manifolds being Einsteinian in terms of self-dual forms
[3] since it generalizes this theorem in case of neutral pseudo-Riemannian metric
itself.
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5 t-conformal-semiflat Manifolds
The great importance of conformal-semiflat, i.e. self-dual or anti-self-dual, man-
ifolds in geometry and theoretical physics is explained by the fact that the canon-
ical almost complex structure on their twistor spaces is integrable that allows to
have twistor interpretation of Yang-Mills fields - instantons and anti-instantons
respectively, on the manifolds generalizing the classical Ward theorem [3].
In the previous chapter we introduced the notion of twistor curvature tensor
(endomorphism) of HAQα-manifolds of vertical type. Now consider the trace-
free part of the endomorphism that we call a Weyl endomorphism. Using it
we get a natural generalization of self-dual and anti-self-dual manifolds for the
case of HAQα-manifolds of arbitrary dimension. We call them t-conformal-
semiflat HAQα-manifolds and show that their twistor curvature tensor is the
algebraic curvature tensor. The notion of twistor curvature ofHAQα-manifold is
introduced and HAQα-manifolds of constant twistor curvature are studied. It is
proved that anti-self-dual HAQα-manifolds, as well as generalized quaternionic-
Kaehler manifolds are HAQα-manifolds of constant twistor curvature.
5.1 Self-dual and anti-self-dual HAQ
α
-manifolds
Let M be an HAQα-manifold of vertical type, Q be its structural bundle,
r : (Λ2)V (M)→ (Λ2)V (M) be a twistor curvature tensor of manifold M . Con-
struct tensor ric ∈ (T 02 )V (M) with components ricβε = gγδ rβγδε that we call
Ricci twistor tensor, or Ricci t-curvature tensor. By Theorem 32 a Riemann-
Christoffel endomorphism of an HAQα-manifold of vertical type preserves the
Kaehler module of the manifold iff its Ricci twistor tensor is proportional to
tensor g of fibre metric. The trace κ = gβγ ricβγ of tensor ric will be called a
t-scalar curvature of manifold M . By means of tensor ric we construct endo-
morphism W of module (Λ2)V (M) with components
Wβγδε = rβγδε+
1
2
(ricβδgγε+ricγεgβδ−ricβεgγδ−ricγδgβε)+ κ
6
(gγδgβε−gβδ gγε)
generalizing the classical Weyl tensor of conformal curvature of a 4-dimensional
pseudo-Riemannian manifold. We call it a Weyl endomorphism. Evidently, it
has all symmetry properties of a twistor curvature tensor found in Proposition
15. Besides, it is evident that gγδWβγδε = 0. Similarly to the proof of Theorem
32 for endomorphism r we get for Weyl endomorphism:
Theorem 33. Submodules of self-dual and anti-self-dual forms on an HAQα-
manifold of vertical type are invariant with respect to the action of Weyl endomor-
phism. ✷
Thus, W = W+ +W−, where W± are endomorphism W narrowings onto
submodules Λ±(M), respectively.
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Definition 27. An HAQα-manifold M of vertical type will be called self-
dual (resp., anti-self-dual) if W− = 0 (resp., W+ = 0). An self-dual or anti-
self-dual HAQα-manifold will be called t-conformal-semiflat.
¿From the above we see that the notions generalize the corresponding notions
of 4-dimensional Riemannian geometry that have become classical [5].
Introduce self-duality index ξ of a t-conformal-semiflatHAQα-manifold equal
to 1 for an self-dual and -1 for an anti-self-dual manifold.
LetM be anHAQα-manifold, ω ∈ Λ±(M), i.e. ∗(ω) = ±ω. As we have seen
in the proof of Theorem 23, on the space of fibre bundle BQ, where (gβγ) =
diag(1,−α,−α, 1), these equalities will assume the form ω
βˆγˆ
= ±ε(β, γ)ωβγ,
respectively, where ε(β, γ) = gββ gγγ; β, γ = 0, 1, 2, 3, 4; (βˆ, γˆ) is the pair
complementing the pair (β, γ) up to even permutation of indices (0,1,2,3). It
means that
(ωβγ) =


0 −x −y −z
x 0 ∓z ∓y
y ±z 0 ±αx
z ±αy ∓αx 0

 ; (ωβγ) =


0 αx αy −z
−αx 0 ∓z ±y
−αy ±z 0 ∓x
z ∓y ±x 0

 .
(67)
Now let M be a t-conformal-semiflat HAQα-manifold. If M is self-dual, then
W (ω) = 0 (ω ∈ Λ−(M)). If M is anti-self-dual, then W (ω) = 0 (ω ∈
L+(M)). By (67) these conditions will be written in the form (αWβγ01 +
ξWβγ23)x+ (αWβγ02 − ξWβγ13)y + (ξWβγ12 −Wβγ03)z = 0. Since these corre-
lations must equivalently hold with respect to x, y and z, we get that they are
equivalent to the conditions
Wβγ01 = −αξWβγ23, Wβγ02 = αξWβγ13, Wβγ03 = ξWβγ12.
Write the correlations in view of symmetry properties of tensor W , that are
similar to symmetry properties of tensor r, found in Proposition 15:
W1002 = −W1332 = −αξW0113 = αξW0223;
W1003 = αW1223 = −ξW0112 = −αξW0332;
W2003 = αW2113 = ξW0221 = αξW0331;
W0101 =W2323 = −αξW0123;
W0202 =W1313 = −αξW0231;
W0303 =W1212 = ξW0312.
By definition of tensor W the equalities will be rewritten, respectively, in the
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form:
1) r1002 + αξr0113 =
1
2 (ric12 − ξ ric03);
2) r1332 + αξr0223 =
1
2 (ric12 − ξ ric03);
3) r1003 + ξr0112 =
1
2 (ric13 − αξ ric02);
4) r1223 + ξr0332 =
1
2 (ξ ric02 − α ric13);
5) r2003 − ξr0221 = 12 (ric23 + αξ ric01);
6) r2113 − ξr0331 = 12 (ξ ric01 − α ric23);
7) r0101 + αξr0123 =
1
2 (α ric00 − ric11)− 16ακ;
8) r2323 + αξr0123 =
1
2 (α ric33 − ric22)− 16ακ;
9) r0202 + αξr0231 =
1
2 (α ric00 − ric22)− 16ακ;
10) r1313 + αξr0231 =
1
2 (α ric33 − ric11)− 16ακ;
11) r0303 − ξr0312 = − 12 (ric00 + ric33) + 16κ;
12) r1212 − ξr0312 = α2 (ric11 + ric22) + 16κ.
(68)
Besides, by definition of tensor ric,
r1002 + r1332 = ric12; r1003 − αr1223 = ric13;
r2003 − αr2113 = ric23; −αr0112 + r0332 = ric02;
r0113 + r0223 = −αric03; −αr0221 + r0331 = ric01.
(69)
¿From the above immediately follows
Theorem 34. A twistor curvature tensor of t-conformal-semiflat an HAQα-
manifold is an algebraic curvature tensor, tensor W being its trace-free part, i.e.
the classical Weyl tensor with respect to tensor r.
Proof. By (687), (689) and (6811) we have: r0123+r0231+r0312 = −αξ(r0101+
r0202)+ξr0303+
1
2ξ(ric00α ric11+ric00−α ric22+ric00+ric33)− 12ξκ = ξ(α r0110+
α r0220 − r0330) + 12ξ(ric00 − α ric11 − α ric22 + ric33) + ξ ric00ξκ = −ξ ric00 +
1
2ξκ + ξ ric00 − 12ξκ = 0. By Proposition 15 we get that rβ[γδε] = 0, and thus,
r is an algebraic curvature tensor of module (Λ2)V (M). For such tensor, as is
well-known [5], its trace-free part is uniquely defined by the formula that gives
tensor W . ✷
Consider some examples of t-conformal-semiflat HAQα-manifolds.
Definition 28. An HAQα-structure that is at the same time a piAQα-
structure, whose structural endomorphisms are parallel in Riemannian con-
nection is called a generalized hyper-Kaehler structure.
Theorem 35. Any generalized hyper-Kaehler manifold of dimension greater
than 4 is t-conformal-semiflat.
Proof. As we will see below (Theorem 39), any generalized hyper-Kaehler
manifold M is Ricci-flat. Besides, it, evidently, is a generalized quaternionic-
Kaehler manifold, and by (55) and Theorem 28, R(Ω) = 0 (Ω ∈ (Λ2)V (M)).
By definition of twistor curvature tensor r = 0. Thus, ric = 0, and W = 0. In
particular, manifold M is t-conformal-semiflat. ✷
20
Corollary. All HAQα-manifolds of dimension greater than 4, mentioned in
example 2, section2.2, are t-conformal-semiflat. ✷
5.2 Some properties of t-conformal-semiflat manifolds
Theorem36. A twistor curvature endomorphism of an self-dual (resp., anti-
self-dual) HAQα-manifold M transfers all anti-self-dual (resp., self-dual) forms
on M into self-dual (resp., anti-self-dual) iff M is a manifold of zero t-scalar
curvature.
Proof. Endomorphism r has the given property iff
1) αr(ω)01 = ∓r(ω)23; 2) αr(ω)02 = ±r(ω)13; 3) r(ω)03 = ±r(ω)12;
ω ∈ Λ∓(M). Writing the equalities in view of (68) and (69) we get that they are
equivalent to the condition ric00−α ric11−α ric22+ ric33 = 0, or κ = tr(ric) =
gβγ ricβγ = 0. ✷
Theorem 37. A twistor curvature endomorphism of an self-dual (resp.,
anti-self-dual)HAQα-manifold M transfers all vertical 2-forms on M into self-
dual (resp., anti-self-dual) iff M is manifold of zero Ricci t-curvature.
Proof. Let endomorphism r transfers any vertical 2-form onM into self-dual
(resp, anti-self-dual). In particular, any self-dual form is transferred into self-
dual (in the second case it is in view of endomorphism r being self-conjugated).
By Theorem 32 ric is a scalar endomorphism, and by Theorem 36 its trace is
equal to zero. Thus, ric = 0. Inversely, if ric = 0, then by the same Theo-
rems, r(Λ±(M)) ⊂ Λ±(M), r(Λ∓(M)) ⊂ Λ±(M), and hence, r(ΛV (M)) ⊂
Λ±(M). ✷
Corollary. Riemann-Christoffel endomorphism R of a 4-dimensional con-
formal-semiflat pseudo-Riemannian manifold of index 0 or 2 transfers all anti-
self-dual forms on the manifold into self-dual (or self-dual into anti-self-dual,
depending on the choice of orientation of manifold) iff the scalar curvature of
the manifold is zero. Here, R transfers any 2-forms on manifold into self-dual
(or anti-self-dual) iff the manifold is Ricci-flat. ✷
Let M be a self-dual (resp., anti-self-dual) HAQα-manifold, p ∈ M , ω ∈
Λ∓(M) is a non-isotropic eigenvector of its endomorphism r of twistor curva-
ture in the point. Without loss of generality the vector norm can be considered
equal to either
√−α or 1. In the former case we choose orthonormalized basis
{ id, J1, J2, J3 } of the space Qp(M) so that ω coincides with the pseudofunda-
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mental (resp., fundamental) form of α-quaternion J1. By (67), in this basis
(ωβγ) =


0 α 0 0
−α 0 0 0
0 0 0 ξ
0 0 −ξ 0

 .
Thus equality r(ω) = λω will be rewritten in view of (68) and (69) in the form
1) 23 (α ric00 − ric11)− 13 (α ric33 − ric22) = αλ;
2) ric12 + ξ ric03 = 0;
3) ric13 + αξ ric02 = 0;
4) − 13 (α ric00 − ric11) + 23 (α ric33 − ric22) = αλ.
Note that the first and third of the equalities can be further rewritten in the
form, respectively:
2(α ric00 − ric11)− (α ric33 − ric22) = 3αλ;
−(α ric00 − ric11) + 2(α ric33 − ric22) = 3αλ;
hence,
1) αric00 − ric11 = 3αλ; 2) αric33 − ric22 = 3αλ;
3) ric12 + ξ ric03 = 0; 4) ric13 + αξ ric02 = 0;
or
1) ric00 + ric
1
1 = 3λ; 2) ric
3
3 + ric
2
2 = 3λ;
3) ric21 − αξ ric30 = 0; 4) ric31 − ξ ric20 = 0.
In particular, κ = tr ric = 6λ. Now, let ω have a positive norm. Assume
‖ω‖ = 1. Choose orthonormalized basis { id, J1, J2, J3 } of the space Qp(M)
so that ω coincides with pseudofundamental (resp., fundamental) form of α-
quaternion J3. By (67), in the basis
(ωβγ) =


0 0 0 −1
0 0 ξ 0
0 −ξ 0 0
1 0 0 0

 .
In this case equality r(ω) = λω by (68) and (69) will be rewritten in the form
1) 23 (ric00 + ric33) +
1
3α(ric11 + ric22) = λ;
2) 13 (ric00 + ric33) +
2
3α(ric11 + ric22) = −λ;
3) ric13 − αξ ric02 = 0;
4) ric23 + αξ ric01 = 0.
The first two equalities can be rewritten in the form, respectively:
2(ric00 + ric33) + α(ric11 + ric22) = 3λ;
−(ric00 + ric33)− 2α(ric11 + ric22) = 3λ;
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hence,
1) ric00 + ric33 = 3λ; 2) ric11 + ric22 = −3αλ;
3) ric13 − αξric02 = 0; 4) ric23 + αξric01 = 0;
or
1) ric00 + ric
3
3 = 3λ; 2) ric
1
1 + ric
2
2 = 3λ;
3) ric13 + ξ ric
0
2 = 0; 4) ric
2
3 − ξ ric01 = 0.
In particular, κ = tr (ric) = 6λ. Thus we have proved
Theorem 38. Eigenvalue of non-isotropic anti-self-dual (or self-dual) form
ω, which is eigenvector of twistor curvature endomorphism of an self-dual (resp.,
anti-self-dual) HAQα-manifold is equal to 16κ, where κ is a t-scalar curvature
of the manifold. ✷
By Theorem 36 we get
Corollary 1. If an self-dual (resp., anti-self-dual) HAQα-manifpld admits
at any its point a non-isotropic anti-self-dual (resp., self-dual) form belowing to
the kernel of the twistor curvature endomorphism, then the t-scalar curvature
of the man fold at this point is zero, and thus, the image of any anti-self-dual
(resp., self-dual) form at the given point is an self-dual (resp., anti-self-dual)
form in view of the endomorphism. ✷
By Theorem 37 we also get
Corollary 2. Let M be an self-dual (resp., anti-self-dual) HAQα-manifold.
If its twistor curvature endomorphism at any point of the manifold vanishes
at least one non-isotropic anti-self-dual (resp., self-dual) form, them M is a
manifold of zero t-scalar curvature. If the endomorphism turns to zero any
anti-self-dual (resp., self-dual) form on M , then M is a manifold of Ricci-zero
t-curvature. ✷
Corollary 3. Let M be a 4-dimensional self-dual (resp., anti-self-dual)
pseudo-Riemannian manifold of index 0 or 2. If its Riemann-Ghristoffel en-
domorphism at every point of the manifold vanishes at least one non-isotropic
anti-self-dual (resp., self-dual) form, then M is a zero scalar curvature mani-
fold. If the endomorphism vanishes any anti-self-dual (resp., self-dual) form on
M , then M is a Ricci-flat manifold. ✷
5.3 Twistor curvature of HAQ
α
-manifold
Let M be an HAQα-manifold of vertical type, J ∈ {T } be a twistor on M ,
Ω(X,Y ) = 〈X, JY 〉 be its Kaehler form.
Definition 29. Function
k(J) =
R(Ω,Ω)
‖Ω‖2 =
〈R(Ω),Ω〉
‖Ω‖2
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is called a twistor curvature (or t-curvature) of manifold M in the direction of
twistor J.
Since by Theorem 26 Ω is a vertical 2-form onM , its components on the space
of G-structure (by (41) and Theorem 23) will have the form Ωβbγc = ωβγ Gbc,
where {ωβγ } are components on the space of fibre bundle BQ of self-dual form
ω which is the fundamental form of α-quaternion J . Thus,
〈R(Ω),Ω〉 = − 12RβbγcδdζhΩδdζhΩβbγc
= − 12Rβbγcδdζhωδζ ωβγGdhGbc = n2 rβγδζωβγωδζ = n(r(ω), ω),
and since ‖Ω‖2 = nω2, we have:
k(J) =
(r(ω), ω)
‖ω‖2 ,
and thus, tensor r completely defines a twistor curvature on M , that explains
the name of the tensor.
Definition 30. An HAQα-manifold M is called a manifold of pointwise
constant twistor curvature c if
∀ J ∈ {T } =⇒ 〈R(Ω),Ω〉 = c‖Ω‖2; c ∈ C∞ (M).
If here c = const, M is called a manifold of globally constant twistor curvature.
Example 1. LetM4n be an HAQα-manifold of constant curvature c. Then
〈R(Ω),Ω〉 = − 12RβbγcδdζhΩβbγcΩδdζh
= c2 (GβbδdGγcζh −GγcδdGβbζh)ΩβbγcΩδdζh
= c2 (gβδ gγζ GbdGch − gγδ gβζ GcdGbh)ωβγ Gbc ωδζ Gdh
= cωδζω
δζ GcdG
cd = 2c‖Ω‖2,
i.e. M is a manifold of globally constant twistor curvature.
Example 2. Let M4n be a generalized quaternionic-Kaehler manifold, Ω ∈
K(M), I be its corresponding twistor. Then at an arbitrary point p ∈ M , by
(47) and (52) that are, evidently true in any manifold dimension,
〈R(Ω),Ω〉 = 12 〈R(Ω)ijΩij〉 = 12
∑4n
i,j=1〈R(Ω)ei, ej〉Ω(ei, ej)
= − αn2(n+2)
∑4n
i,j=1 Ric(ei, Iej)〈ei, Iej〉
= − αn2(n+2)
∑4n
i,j=1 Ric(ei, ej)〈ei, ej〉
= − αn2(n+2)
∑4n
i=1Ric(ei, ei)‖ei‖2
= − αns2(n+2) = − αs4(n+2)‖Ω‖2,
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because
‖Ω‖2 = 12Ωij Ωij = 12
∑4n
i,j=1〈ei, ej〉2 = 12
∑4n
i,j=1〈ei, I2ej〉2
= 12
∑4n
i,j=1〈ei, ej〉2 = 12
∑4n
i=1 ‖ei‖2 = 2n
Here { e1, . . . , e4n } is orthonormalized basis adapted to twistor I. Thus, any
generalized quaternionic-Kaehler manifold is a manifold of constant twistor cur-
vature c = − αs4(n+2) , wnere s is the scalar curvature of the manifold. Moreover,
if dimM > 4, by Theorem 29, M is an Einsteinian manifold, and thus, the
manifold of globally constant twistor curvature c = − αnε
n+2 , where ε is Einstein
constant. In particular, all quaternionic-Kaehler manifolds given in examples 2
and 3 of section 2.2, are manifolds of constant twistor curvature.
Example 3. Let { I, J } is a generalized hyper-Kaehler structure, i.e. piAQα-
structure generated by twistors I and J that are parallel in Riemannian connec-
tion, on pseudo-Riemannian manifold M . Let J1 = I, J2 = J , J3 = I ◦J . Then
∇X (Jβ) = 0; X ∈ X(M) β = 1, 2, 3. Thus, [R(X,Y ),J ] = 0; X,Y ∈
X(M), J ∈ {T }. In particular, R(I) ◦ J = J ◦ R(I); I,J ∈ {T }, i.e.
R(I) belongs to centre of α-quaternion algebra, hence, R(I) = c id. In view
of the fact that R(Ω) is skew-symmetric tensor, where Ω is a Kaehler form of
twistor I, we get R(Ω) = 0, and thus, 〈R(Ω),Ω〉 = 0 (Ω ∈ K(M)), i.e. M is a
manifold of zero twistor curvature.
Moreover, since the generalized hyper-Kaehler structure is, evidently, gene-
ralized quaternionic-Kaehler, by the above example we get that if dimM > 4,
then ε = 0, i.e. M is a Ricci-flat manifold. If dimM = 4, then by above example
s = 0, and since R(Ω) = 0 (Ω ∈ K(M)), M is an Einsteinian manifold (by the
Corollary of Theorem 32), and thus, Ric = 0, i.e. M is Ricci-flat, too. Thus,
we have proved
Theorem 39. Any generalized hyper-Kaehler manifold is Ricci-flat. ✷
The above theorem generalizes the known Berger result of Ricci curvature
of hyper-Kaehler manifolds [6].
LetM be an arbitraryHAQα-manifold of vertical type of pointwise constant
twistor curvature c. From the above it follows that this is equivalent to
〈r(ω), ω〉 = c〈ω, ω〉; ω ∈ Λ+(M).
Polarizing the equality and in view of the endomorphism r being self-conjugated,
we find that 〈r(ω), ϑ〉 = c〈ω, ϑ〉; ω, ϑ ∈ Λ+(M). Thus, r(ω) = cω + ϕ; ϕ ∈
Λ−(M). Evidently, the inverse is also true. Thus, we get
Theorem 40. An HAQα-manifold M of vertical type is a manifold of
pointwise constant twistor curvature c iff (r− c id)ω ∈ Λ−(M);ω ∈ Λ+(M). ✷
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Let M be an HAQα-manifold, ω ∈ (Λ2)V (M), {ωβγ } are components of
tensor ω on the space BQ. We have: ω = ω+ + ω−; ω± ∈ Λ±(M). By (67)
we get:
(ω+βγ) =


0 x y z
−x 0 z αy
−y −z 0 −αx
−z −αy αx 0

 ; (ω−βγ) =


0 a b c
−a 0 −c −αb
−b c 0 αa
−c αb −αa 0

 ;
Hence, ω01 = x+ a; ω02 = y + b; ω03 = z + c; ω23 = −αx+ αa; ω13 = αy − αb;
ω12 = z − c. Thus,
x =
1
2
(ω01 − αω23); y = 1
2
(ω02 + αω13); z =
1
2
(ω03 + ω12). (70)
These correlations define projection pi : (Λ2)V (M)→ Λ+(M) along Λ−(M).
Now let M be an anti-self-dual HAQα-manifold. Compute pi ◦ r(ω); ω ∈
Λ+(M). We have: r(ω)βγ = −rβγδζ ωδζ . By (68) and (69) it is easy to compute
that
r(ω)01 − αr(ω)23 = 1
3
κx; r(ω)02 + αr(ω)13 =
1
3
κy; r(ω)03 + r(ω)12 =
1
3
κz.
In view of (70), this means that
x(pi ◦ r(ω)) = 1
6
κx(ω); y(pi ◦ r(ω)) = 1
6
κy(ω); z(pi ◦ r(ω)) = 1
6
κz(ω).
(Here x, y and z are coordinate functions). Thus, pi ◦ r(ω) = 16κω and pi ◦ (r −
1
6κ id)(ω) = 0, i.e. (r − 16κ id)ω ∈ Λ−(M). By Theorem 40 we get:
Theorem 41. An anti-self-dual HAQα-manifold is manifold of pointwise
constant twistor curvature c = 16κ, where κ is a t-scalar curvature of the
manifold. ✷
Corollary 1. A 4-dimensional anti-self-dual pseudo-Riemannian manifold
of index 0 or 2 is a manifold of pointwise constant twistor curvature c = 16s,
where s is a scalar curvature of the manifold. ✷
Corollary 2. A 4-dimensional anti-self-dual pseudo-Riemannian manifold
whose self-dual form module is invariant with respect to the Riemann-Christoffel
endomorphism is a manifold of globally constant twistor curvature.
Proof. This immediately follows from the manifold being Einsteinian (by
Theorem 32), in particular, the manifold of constant scalar curvature. ✷
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6 Self-dual Geometry of 4-dimensional Kaehler
Manifolds
The relation of geometry of conformal-semiflat manifolds to geometry of Ein-
steinian manifolds [5], as well as to twistor geometry [7] is of great interest to
the researchers. For example, the well-known Penrose-Atiyah-Hitchin-Singer
theorem [3] asserts that the canonical almost complex structure of the twistor
space of a 4-dimensional oriented Riemannian manifold (M, g) is integrable iff
(M, g) is conformal-semiflat. Hitchin showed that if (M, g) is also a compact
Einsteinian manifold of positive scalar curvature, then it is isometric to S4 or
CP 2 with standard metrics [8]. This result is also closely connected with twistor
geometry: Hitchin proved that a 4-dimensional oriented compact Riemannian
manifold (M, g) has a Kaehler twistor space iff (M, g) is conformally equivalent
to S4 or CP 2 with their standard conformal structures [9]. B.-Y.Chen [10] and
(independently and by another method) J.P.Bourguignon [11] and A.Derdzinski
[12] got a classification of self-dual compact Kaehler manifolds, and M.Itoh [13]
got a classification of self-dual Kaehler-Einsteinian manifolds. Besides, M.Itoh
gave a complete characteristics of compact anti-self-dual Kaehler manifolds [13].
In the present chapter we received a complete classification of self-dual
generalised Kaehler manifolds (both of classical and non-exceptional Kaehler
manifolods of hyperbolic type) of constant scalar curvature. It is proved that a
generalized Kaehler manifold is anti-self-dual iff its scalar curvature is equal
to zero. The results essentially generalized the above mentioned results of
N.Hitchin, J.P.Bourguignon, A.Derdzinski, B.-Y.Chen and M.Itoh.
6.1 Generalized almost Hermitian structures
Definition 31 [14]. We call a generalized (in the narrow sense) almost Her-
mitian (or, AHα−it structure) on a manifold M a pair { g = 〈·, ·〉, J } of tensor
field on M , where g is a pseudo-Riemannian metric, J is an endomorphism of
module X(M), such that J2 = α id; α = ±1, and called a structural operator,
or structural endomorphism. Here, 〈JX, JY 〉 = −α〈X,Y 〉; X,Y ∈ X(M). If
α = −1, the AHα-structure is called an almost Hermitian structure of classi-
cal type, if α = 1, it is called an almost Hermitian structure of hyperbolic type
or, in other terms, an almost para-Hermitian srtucture. In case α = 1, as is
well-known, metric g is neutral, i.e. it has a zero signature.
A 2-form Ω(X,Y ) = 〈X, JY 〉; X,Y ∈ X(M) called a fundamental structure
form is associated to every AHα-structure. The form is non-degenerate and,
thus, its exterior square generates the orientation of manifold M .
Definition 32. We call a canonical orientation on AHα-manifold (M, g, J)
an orientation coherent to the form −αΩ ∧Ω.
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We know [14] that giving an AHα-structure (M,J, g) on M equivalent to
giving G-structure G on M with structural group G = U(2,Kα), where Kα
is the field C of complex numbers in the classical case or the ring D of double
numbers in the hyperbolic case. The space elements of the G-structure are called
frames adapted to the AHα-structure, or A-frames [14]. Recall the construction
of A-frames. Let (p, e0, e1, Je0, Je1) be an orthonormalized frame on manifold
M adapted to structural endomorphism J , ‖e0‖2 = 1, ‖e1‖2 = −α. Then
its corresponding A-frame (p, ε0, ε1, e0ˆ, e1ˆ) is defined as a frame in the space
Tp(M)⊗Kα with vectors εa = 1√2 (ea+iJ3ea), εaˆ =
1√
2
(ea−iJ3ea); a, b, c . . . =
0, 1; i is the imaginary unit of the ring Ka. Note that εa = εaˆ, Jεa = iεa,
Jεaˆ = −iεa, whereX → X is the operator of natural involution (of conjugation)
in Kα-modul Tp(M)⊗Kα.
Compute the matrix of metric tensor g components on the space G. In
the frame (p, e0, e1, Je0, Je1) we have by definition: (gik) = diag(1,−α,−α, 1).
Thus, in the A-frame (p, ε0, ε1, ε0ˆ, ε1ˆ) we have: g00ˆ = 〈ε0, ε0ˆ〉 = 12 〈e0+iαJe0, e0−
iαJe0〉 = 12{〈e0, e0〉+ 〈e0, e0〉} = 1 = g0ˆ0. Similarly, g11ˆ = g1ˆ1 = −α. The rest
of the metric tensor components are equal to zero. Thus,
(gij) = (g
ij) =


0 0 1 0
0 0 0 −α
1 0 0 0
0 −α 0 0

 (71)
(i, j = 0, 1, 0ˆ, 1ˆ). Evidently, det(gij) = 1. On the other hand, compute funda-
mental form of the structure Ω(X,Y ) = 〈X, JY 〉: Ω00ˆ = 〈ε0, Jε0ˆ〉 = −i = −Ω0ˆ0.
Similarly, Ω11ˆ = −Ω1ˆ1 = iα. The rest of the components of the form Ω are equal
zero. Thus, Ω = Ωij ω
i ∧ ωj = −2iω0 ∧ ω0ˆ + 2iαω1 ∧ ω1ˆ. Hence, in particular,
Ω ∧ Ω = −4α
√
det g ω0 ∧ ω1 ∧ ω0ˆ ∧ ω1ˆ
and, thus, A-frames are positively oriented with respect to the canonical orien-
tation in the classical case. In particular, η010ˆ1ˆ = −α. In view of this equality
and by (71) we can specify the conditions of self-duality and anti-self-duality
of 2-forms on an AHα-manifold, given by correlations (7), on the space of G-
structure:
Lemma 4. Let (M, g, J) be a 4-dimensional generalized almost Hermitian
manifold, ω ∈ Λ2(M). In this case
1. ω ∈ Λ+(M) iff on the space G
(ωjk) =


0 x+ iz iy 0
−x− iz 0 0 −αy
−iy 0 0 x− iy
0 iαy −x+ iz 0

 ;
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2. ω ∈ Λ−(M) iff on the space G
(ωjk) =


0 0 iy x+ iz
0 0 −x+ iz iαy
−iy x− iz 0 0
−x− iz −iαy 0 0

 .
Proof. Let ω ∈ Λ±(M). By (7), (71) and the given remarks about the
components of volume form ηg we have:
1) ± ω01 = 12η01ij gik gjm ωkm = η010ˆ1ˆ g0ˆ0 g1ˆ1 ω01 = ω01;
2) ± ω00ˆ = 12η00ˆij gik gjm ωkm = η00ˆ11ˆ g11ˆ g1ˆ1 ω1ˆ1 = −αω11ˆ;
3) ± ω01ˆ = 12η01ˆij gik gjm ωkm = η01ˆ0ˆ1 g0ˆ0 g11ˆ ω01ˆ = −ω01ˆ;
Similarly, ±ω10ˆ = −ω10ˆ; ±ω0ˆ1ˆ = ω0ˆ1ˆ. Besides, since ω is a real tensor, ωiˆjˆ =
ωij (ˆˆa = a). In particular, ωaaˆ = −ωaaˆ. All the correlations are, evidently,
equivalent to the assertion of Lemma 4. ✷
Definition 33. An AHα-srtucture (g, J) is called a generalized Kaehler
(or, Kα−) structure, if structural endomorphism J is parallel in Riemannian
connection ∇ of the manifold.
In case α = −1 this notion coincides with the classical notion of Kaehler
structure, in case α = 1 it coincides with the notion of Kaehler structure of hy-
perbolic type, or in other terms, para-Kaehler structure [15]. Manifolds carring
a para-Kaehler structure are also known as Rashevskii fibre bundles. The name
is explained by the existence on such manifolds, first studied by P.K.Rashevskii
of two isotropic totally integrable totally geodesic distributions - eigendistribu-
tions of the structural endomorphism complementary to each other [16].
Let (M, g, J) be a Kα-manifold. We know [14] that the first group of Cartan
equations of such manifold on the space of G-structure G has the form:
1) dωa = ωab ∧ ωb; 2) dωa = −ωba ∧ ωb; (72)
where ωa = ε(a)ω
aˆ = ε(a)ωa, ωab = −ε(a, b)ωba; ε(a) = gaa, ε(a, b) =
gaa gbb. By exterior differentiation of (72) and in view of basis forms being
linearly independent we get the second group of structural equations of Kα-
structure:
dωab = ω
a
c ∧ ωcb +Aadbc ωc ∧ ωd; (73)
where {Aadbc } is the function system on space G symmetric by subscripts or
superscripts and satisfying the system of differential equations
dAadbc +A
ad
hc ω
h
b +A
ad
bh ω
h
c −Ahdbc ωah −Aahbc ωdh = Aadbch ωh +Aadhbc ωh; (74)
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where {Aadbch, Aadhbc } is the function system on space G symmetric by any pair of
subscrips or superscripts and serving as components of covariant differential in
the Riemannian connection of tensor A defined, in view of (74), by the function
system {Aadbc } and called the tensor of holomorphic sectional curvature [17].
Comparing (72) and (73) with structural equations of the pseudo-Riemannian
structure we have
dωi = ωij ∧ ωj, dωij = ωik ∧ ωkj +
1
2
Rijkmω
k ∧ ωm,
where {Rijkm } are components of Riemann-Christoffel tensor R. It is easy to
compute the explicit components on space G (i.e. in A-frame):
R
aˆbcdˆ
= R
baˆdˆc
= −R
aˆbdˆc
= −R
baˆcdˆ
= ε(a, d)Aadbc . (75)
The rest of the tensor components are equal to zero. Now we can compute the
components of the trace-free part of tensor R, the Weyl tensor W of conformal
curvature. We know that tensors R and W are connected by the correlation
(dimM = 4):
Wijkm = Rijkm +
1
2 (rik gjm + rjm gik − rim gjk−
= −rjk gim) + s6 (gim gjk − gik gjm),
(76)
where rik = g
jm Rijmk are Ricci tensor components, s = g
ik rik is the scalar
curvature of the manifold. In view of (71) and (75) it is easy to compute that
in A-frame gab = gaˆbˆ = 0, gabˆ = gbˆa = ε(b)δ
b
a; rab = raˆbˆ = 0; rabˆ =
r
bˆa
= −ε(b)Acbca. Thus, (76) in A-frame will have the form: Wabcˆdˆ = 12 (racˆ gbdˆ +
r
bdˆ
gacˆ − radˆ gbcˆ − rbcˆ gadˆ) + s6 (gadˆ gbcˆ − gacˆ gbdˆ), or
Wab
cd =
1
2
(rca δ
d
b + r
d
b δ
c
a − rda δcb − rcb δda) +
s
6
(δda δ
c
b − δca δdb ). (77)
Similarly, W
abˆcdˆ
= R
abˆcdˆ
− 12 (radˆ gbˆc + rbˆc gadˆ) + s6gbˆc gadˆ, or
Wa
b
c
d = −Abdac −
1
2
(rda δ
b
c + r
b
c δ
d
a) +
s
6
δbc δ
d
a, (78)
as well as correlations defined by symmetry properties of tensor W (similar to
symmetry properties of Riemann-Christoffel tensor).
6.2 4-dimensional self-dual K
α
-manifolds
Let M be a 4-dimensional oriented pseudo-Riemannian manifold of index 0 or
2, W be its Weyl tensor of conformal curvature. Consider W as an endomor-
phism of module Λ2(M). It is known [5] that submodules Λ±(M) are invariant
with respect to the endomorphism, and thus, W = W+ +W−, where W± are
restrictions of endomorphism W onto submodules Λ±(M), respectively.
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Definition 34 ([3],[10]). A 4-dimensional oriented pseudo-Riemannian
manifold of index 0 (or 2) is called self-dual (respectively, anti-self-dual) if
W− = 0 (respectively, W+ = 0) for it. An self-dual or anti-self-dual manifold
is called conformal-semiflat.
Example. Let (M, g, J) be a 4-dimensional generalized complex space form,
i.e. a generalized Kaehler manifold of constant holomorphic sectional curvature.
It is easy to check that a Kα-manifold is a generalized complex space form iff
Aadbc = c δ˜
ad
bc ,
where c = const, δ˜adbc = δ
a
b δ
d
c + δ
a
c δ
d
b . In this case r
a
b = ε(a)raˆb = −Acacb =
−c δ˜cacb = −3c δab , s = 2rabˆ gabˆ = 2raa = −12c, and by (77) and (78) Wabcd =
−c δcdab, where δcdab = δca δdb − δcb δda; Wabcd = ε(b, d)Rabˆcdˆ + 3c δda δbc − 2c δbc δda =
−Abdac+cδbc δda = −c δ˜bdac+cδbc δda = −cδba δdc . Thus, if ϑ ∈ Λ−(M), then by Lemma
4
W (ϑ)ab = −Wabcd ϑcd = 0; W (ϑ)ab = −W abcd ϑdc = −c δab ϑcc = 0,
i.e. W (ω) = 0. Thus, we get
Theorem 42. A 4-dimensional generalized complex space form is an self-
dual manifold. ✷
Now letM be an arbitrary 4-dimensional self-dual generalized Kaehler man-
ifold, ϑ ∈ Λ−(M). Then W (ϑ) = 0, and by (78) W (ϑ)ba = Bbdac ϑcd = 0, where
Bbdac = A
bd
ac +
1
2
(rbc δ
d
a + r
d
a δ
b
c)−
1
6
δbc δ
d
a.
In view of Lemma 4 this equality will be written in the form: (Bb1a1 −Bb0a0)iy +
(αBb0a1 + B
b1
a0)x + (αB
b0
a1 − Bb1a0)iz = 0. In view of x, y, z ∈ C∞ (M) being
arbitrary, we have:
Bb1a1 −Bb0a0 = 0; Bb0a1 = Bb1a0 = 0; (a, b = 0, 1). (79)
On the other hand,
Bbcac = A
bc
ac +
1
2
(rba + r
b
a)−
s
6
δba = −
s
6
dba. (80)
Comparing (79) and (80) we get Bb0a0 = B
b1
a1 = − s12 δba. Thus, Bbdac = − s12 δba δdc .
In other word,
Abdac = −
1
2
(rbc δ
d
a + r
d
a δ
b
c) +
s
6
δbc δ
d
a −
s
12
δba δ
d
c . (81)
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Alternating the equqlity by indices b and d we get:
rbc δ
d
a + r
d
a δ
b
c − rba δdc − rdc δba =
s
2
δbdac. (82)
It is immediately checked that the above is equivalent to the condition raa =
1
2s
that holds automatically in view of Ricci tensor being real. On the other hand,
symmetrize (81) by indices b and d:
Abdac = −
1
4
(rbc δ
d
a + r
d
a δ
b
c + r
b
a δ
d
c + r
d
c δ
b
a) +
s
24
δ˜bdac. (83)
In view of the above remark the equality is equivalent to (81). Now, note that
(83) is equivalent to the following:
Abdac = t
(b
(a δ
d)
c) ; (84)
where t is a tensor; the brackets mean symmetrization by the enclosed indices.
Indeed, let (84) be true, i.e. 4Abdac = t
b
a δ
d
c + t
d
c δ
b
a+ t
b
c δ
d
a + t
d
a δ
b
c . Contracting the
equality by indices d and c we get:
−4rba = 4tba + tr(t) δba, and thus, tba = −rba −
1
4
tr(t) δba.
Contracting the equality, we get tr(t) = − 13s, and thus
tba = −rba +
s
12
δba. (85)
Inversely, substituting (85) into (84) we get (83).
Let (84) and the equivalent (83) hold. Substituting (82) and (83) into (77)
and (78), respectively, we get:
Wab
cd =
s
6
δcdab; Wa
b
c
d =
s
12
δba δ
d
c ,
that, in view of Lemma 4, implies W (ω) = 0 (ω ∈ Λ−(M)), i.e. M is an
self-dual manifold. Thus, we have proved
Theorem 43. A 4-dimensional generalized Kaehler manifold is self-dual iff
Abdac = t
(b
(aδ
d)
c) , where t is a tensor, and, necessarily, t
b
a = −rba + 112s δba. ✷
Definition 35. A generalized Kaehler manifold is called non-exceptional if
its Ricci endomorphism has at least one non-isotropic eigenvector at every point
of the manifold.
Example. Any Kaehler manifold of classical type (with definite metric) is
non-exceptional since, in view of its Ricci endomorphism r being self-conjugate,
it has at every its point an orthonormalized basis of tangent space at this point
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consisting of eigenvectors of the endomorphism. Moreover, since on the space
of G-structure G components rab and raˆbˆ of Ricci endomorphism are equal to
zero,the endomorphism commutes with the structural endomorphism J , and
thus, the mentioned basis can be choose adapted to J , i.e. having the form
(e0, e1, Je0, Je1). A-basis generated by this basis will be the eigenbasis of endo-
morphism r, as well as t, and eigenvalues of the endomorphosms will be real.
Moreover, endomorphisms r and t of any non-exceptional Kα-manifold have
similar properties. Indeed, in view of the fact that for a Kα-manifold M there
holds the equality r ◦ J = J ◦ r, endomorphism r preserves eigensubmodules of
endomorphism J , in particular, it admits narrowing on eigensubmodules D±iJ
of the endomorphism with eigenvalues ±i, respectively. Let e be a non-isotropic
eigenvector of endomorphism r at a point ofM . Without loss of generality it can
be considered unitary. Then Je is also a non-isotropic eigenvector of this endo-
morphism and it corresponds to the same eigenvalue λ˜. Thus, ε0 =
1√
2
(e+iJ3e)
is an eigenvector of endomorphism r with the same (real) eigenvalue. Comle-
menting the pair { ε0, ε0ˆ }, ε0ˆ = 1√2 (e− iJ3e) up to A-basis { ε0, ε1, ε0ˆ, ε1ˆ } we
get that in basis { ε0, ε1 } of submodule DiJ at this point endomorphism r has
matrix
(r) =
(
λ˜ a
0 µ˜
)
; a, µ˜ ∈ Kα.
On the other hand, from (73) it follows that Aadbc = A
bc
ad, and thus r
a
b = r
b
a.
Therefore, a = 0, µ˜ ∈ R, i.e. endomorphism r|DiJ is diagonalized in basis
{ ε0, ε1 }. Moreover, since in view of endomorphism r being real rab = rbˆaˆ, r|D−iJ
is diagonalized in basis { ε0ˆ, ε1ˆ } and given by the same matrix. Thus, endomor-
phism r (as well as t) is diagonalized both in A-basis { ε0, ε1, ε0ˆ, ε1ˆ } and in the
corresponding orthonormalized basis { e0, e1, Je0, Je1 }.
Now, let (M, g, J) be a non-exceptional a Kα-manifold. By the above we
can consider subbundle G1 of G-srtucture G, consisting of A-frames, where
(tba) =
(
λ 0
0 µ
)
; λ = λ˜− s
12
, µ = µ˜− s
12
. (86)
Note that by Theorem 43, λ+µ = − 13s. By (74) components of tensor t on the
space G satisfy the differential equations
dtab + t
a
c ω
c
b − tcb ωac = tabc ωc + tacb ωc,
where tabc = A
ha
hbc − 23Ahrhrc δab , tacb = ε(c)Ahachb − 23Ahrchr δab . In particular, on the
space of G1-structure, where t
a
b = λb δ
a
b , λ0 = λ, λ1 = µ, we have:
1) dλ = λc ω
c + λc ωc; λc = t
0
0c, λ
c = t0c0 ;
2) dµ = µc ω
c + µc ωc; µc = t
1
1c, µ
c = t1c1 ;
3) (λ− µ)ω01 = Fc ωc + F c ωc; Fc = t01c, F c = t0c1 ;
4) (µ− λ)ω10 = Gc ωc +Gc ωc; Gc = t10c, Gc = t1c0 .
(87)
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We write structural equations of a generalized Kaehler structure on the space
G1:
1) dω0 = ω00 ∧ ω0 + ω01 ∧ ω1;
2) dω1 = ω10 ∧ ω0 + ω11 ∧ ω1;
3) dω0 = −ω00 ∧ ω0 − ω10 ∧ ω1;
4) dω1 = −ω01 ∧ ω0 − ω11 ∧ ω1;
5) dω00 = ω
0
1 ∧ ω10 + λω0 ∧ ω0 + 14 (λ+ µ)ω1 ∧ ω1;
6) dω10 = ω
1
0 ∧ ω00 + ω11 ∧ ω10 + 14 (λ+ µ)ω1 ∧ ω0;
7) dω01 = ω
0
0 ∧ ω01 + ω01 ∧ ω11 + 14 (λ+ µ)ω0 ∧ ω1;
8) dω11 = ω
1
0 ∧ ω01 + 14 (λ+ µ)ω0 ∧ ω0 + µω1 ∧ ω1.
(88)
By exterior differentiation of (885) and by (88) we have:
{−1
2
(λ− µ)ω10 − λ1 ω0 −
1
4
(λ0 + µ0)ω
1 } ∧ ω0 ∧ ω1 +
+{ 1
2
(λ− µ)ω01 − λ1 ω0 +
1
4
(λ0 + µ0)ω1 } ∧ ω1 ∧ ω0 = 0.
In view of (87) and linear independence of basic forms we get G0 = 2λ1; G1 =
1
2 (λ0 + µ0); F0 = 2λ1; F
1 = 12 (λ
0 + µ0), and thus,
(µ− λ)ω10 = G0 ω0 +
1
2
(λ0 + µ0)ω
1 + 2λ1ω0 +G
1ω1;
(µ− λ)ω01 = −2λ1 ω0 − F1 ω1 − F 0 ω0 −
1
2
(λ0 + µ0)ω1. (89)
By exterior differentiation of (886) and by (88) we have:
(µ− λ)ω10 ∧ ω0 ∧ ω0 − (λ− µ)ω10 ∧ ω1 ∧ ω1+
+ 12 (λ0 + µ0)ω
0 ∧ ω1 ∧ ω0 + 12 (λ1 − µ1)ω1 ∧ ω0 ∧ ω1 = 0.
In view of (89) and linear independence of basic forms we get G0 = 0; G
1 = 0;
µ1 = 3λ1, and thus,
(µ− λ)ω10 = 12 (λ0 + µ0)ω1 + 2λ1 ω0;
(µ− λ)ω01 = −2λ1 ω0 − 12 (λ0 + µ0)ω1.
(90)
Similarly, by exterior differentiation of (888) and by (88) we have:
1
2 (λ− µ)ω01 ∧ ω1 ∧ ω0 − 12 (λ − µ)ω10 ∧ ω0 ∧ ω1 + 14 (λ1 + µ1)ω1 ∧ ω0 ∧ ω0+
+ 14 (λ
1 + µ1)ω1 ∧ ω0 ∧ ω0 + µ0 ω0 ∧ ω1 ∧ ω1 + µ0ω0 ∧ ω1 ∧ ω1 = 0;
hence, by (90) λ0 = 3µ0, λ
0 = 3µ0, µ1 = 3λ1; µ
1 = 3λ1. Thus, dλ = 3µ0 ω
0 +
λ1 ω
1 + 3µ0 ω0 + λ
1 ω1; dµ = µ0 ω
0 + 3λ1 ω
1 + µ0 ω0 + 3λ
1 ω1. In particular,
ds = −3(dλ+ dµ) = −12(µ0 ω0 + λ1 ω1 + µ0 ω0 + λ1 ω1).
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Let M be a manifold of constant scalar curvature. Then it follow that µ0 =
µ0 = λ1 = λ
1 = 0, i.e. λ = const, µ = const. Here (90) assumes the form:
1) (µ− λ)ω10 = 0; 2) (µ− λ)ω01 = 0.
Consider the possible cases.
I. λ 6= µ. Then ω10 = ω01 = 0. By (886) in this case λ = −µ, and (88)
assumes the form:
dω0 = ω00 ∧ ω0; dω1 = ω11 ∧ ω1;
dω0 = −ω00 ∧ ω0; dω1 = −ω11 ∧ ω1;
dω00 = λω
0 ∧ ω0; dω11 = −λω1 ∧ ω1.
In this caseM is locally holomorphically isometric to the product of 2-dimensional
manifold S2λ of constant curvature λ by 2-dimensional manifold S
2
−λ of constant
curvature (−λ). Note that such manifold is conformally flat [5].
II. λ = µ. Then tab = λ δ
a
b , A
ad
bc =
1
4λ δ˜
ad
bc , i.e. M is a generalized complex
space form. In this case, by [17], M is locally holomorphically isometric to one
of the following manifolds:
1. Complex plane C2;
2. Complex projective plane CP 2;
3. Complex hyperbolic plane CH2;
4. Double Euclidean plane R2 ✶ R2;
5. The space of null-pairs RP 2 ⊙RP 2 = GL(3,R)/GL(2,R)×GL(1,R) of
real projective plane;
equipped by a canonical Kaehler structure of classical (in cases 1,2,3) or hyper-
bolic (in cases 4 and 5) types. We get the following result:
Theorem 44. An self-dual nonexeptional generalized Kaehler manifold of
constant scalar curvature is locally holomorphically isometric to one of the fol-
lowing manifolds: 1) C2; 2) CP 2; 3) CH2; 4) S2λ × S2−λ; 5) R2 ✶ R2; 6)
RP 2 ⊙RP 2; equipped by a canonical Kaehler structure of classical or, respec-
tively, hyperbolic type. ✷
Corollary. Any self-dual compact Kaehler manifold of classical type is
holomorphically isometrically covered with one of the following manifolds: 1)
C2; 2) CP 2; 3) CH2; 4) S2λ×S2−λ; equipped by a canonical Kaehler structure.
Proof. It was shown by A.Derdzinski [12], that any such manifold is locally
symmetric, and thus, is a manifold of constant scalar curvature. To complete the
proof we apply Theorem 44 and note that all manifolds in the above Corollary
are simple-connected. ✷
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Remark. Self-dual generalized Kaehler manifolds of non-constant scalar cur-
vature do not admit such finite classification. A.Derdzinski showed [18] that
on C2 there exists a 2-parametric family of self-dual Kaehler metrics of non-
constant scalar curvature.
6.3 Self-duality and Bochner tensor
The geometry of Kaehler manifolds is a complex analog of Riemannian geo-
metry: such important notions of Riemannian geometry as sectional curvature,
space forms and many others have its complex counterpart which is of quite
non-trivial sense in geometry of Kaehlerian and, more generally, almost Her-
mitian manifolds. One of such notions is Weyl’s conformal curvature tensor
which is the basic object of study of conformal geometry. In 1949 S.Bochner
introduced the complex analog of the tensor for Kaehlerian manifolds [19]. The
tensor introduced by S.Bochner and called after his name, posseses all sym-
metry properties of Riemann-Chrystoffel tensor and has meaning for arbitrary
almost Hermitian manifolds [20]. However, it has quite a complicated structure,
and in spite of a considerable number of works devoted to its studying we have
comparatively little information about its geometry.
In the present section the Bochner curvature tensor of generalized Kaehle-
rian manifolds is introduced. The structure of the tensor is studied. The main
result of this section states that Bochner curvature tensor of four-dimensional
generalized Kaehler manifold vanishes iff the manifold is self-dual. Hence it
is proved that Bochner-flat generalized Kaehler manifolds (i.e. generalized
Kaehler-Bochner manifolds) are natural generalization of self-dual generalized
Kaehler manifolds.
Definition 36. Let M be 2n-dimensional generalized Kaehler manifold.
The tensor B of type (3,1) on M defined by the equality
B(X,Y )Z = R(X,Y )Z + 〈Y, Z〉L(X)− 〈X,Z〉L(Y ) + 〈L(Y ), Z〉X−
−〈L(X), Z〉Y − 〈J3(Y ), Z〉L ◦ J(X) + 〈J3(X), Z〉L ◦ J(Y )−
−〈L ◦ J3(Y ), Z〉J(X) + 〈L ◦ J3(X), Z〉J(Y )+
+2〈L ◦ J3(X), Y 〉J(Z) + 2〈J3(X), Y 〉L ◦ J(Z);
where L = 12(n+2) r +
s
8(n+1)(n+2) id, is called Bochner tensor of manifold M.
36
Let as compute components of Bochner tensor in A-frame:
B
aˆbcdˆ
= 〈B(εc, εdˆ), εb, εaˆ〉 = 〈R(εc, εdˆ), εb, εaˆ〉+ 〈εdˆ, εb〉〈L(εc), εaˆ〉−
−〈εc, εb〉〈L(εdˆ), εaˆ〉+ 〈L(εdˆ), εb〉〈εc, εaˆ〉 − 〈L(εc), εb〉〈εdˆ, εaˆ〉−
−laJ3(ε
dˆ
), εb〉〈L ◦ J(εc), εaˆ〉+ 〈J3(εc), εb〉〈L ◦ J(εdˆ), εaˆ〉−
−〈L ◦ J3(ε
dˆ
), εb〉〈J(εc), εaˆ〉+ 〈L ◦ J3(εc), εb〉〈J(εdˆ), εaˆ〉+
+2〈L ◦ J3(εc), εdˆ〉〈J(εb), εaˆ〉+ 2〈J3(εc), εdˆ〉〈L ◦ J(εb), εaˆ〉
= R
aˆbcdˆ
+ Lhc δ
a
h δ
d
b + L
h
b δ
d
h δ
a
c + L
h
c δ
a
h δ
d
b+
Lhb δ
d
h δ
a
c + 2L
h
c δ
d
h δ
a
b + 2L
h
b δ
a
h δ
d
c
= R
aˆbcdˆ
+ Lac δ
d
b + L
d
b δ
a
c + L
a
c δ
d
b + L
d
b δ
a
c + 2L
d
c δ
a
b + 2L
a
b δ
d
c
= R
aˆbcdˆ
+ 2(Lac δ
d
b + L
d
b δ
a
c + L
d
c δ
a
b + L
a
b δ
d
c ).
Analogously,
B
aˆbˆcd
= R
aˆbˆcd
+ 〈εd, εbˆ〉〈L(εc), εaˆ〉 − 〈εc, εbˆ〉〈L(εd), εaˆ〉+
+〈L(εd), εbˆ〉〈εc, εaˆ〉 − 〈L(εc), εbˆ〉〈εd, εaˆ〉−
−〈J3(εd), εbˆ〉〈L ◦ J(εc), εaˆ〉+ 〈J3(εc), εbˆ〉〈L ◦ J(εc), εaˆ〉−
−〈L ◦ J3(εd), εbˆ〉〈J(εc), εaˆ〉+ 〈L ◦ J3(εc), εbˆ〉〈J(εd), εaˆ〉+
+2〈L ◦ J3(εc), εd〉〈εbˆ), εaˆ〉+ 2〈J3(εc), εd〉〈L ◦ J(εbˆ), εaˆ〉
= 0 + Lhc δ
a
h δ
b
d − Lhd δah δbc + Lhd δbh δac − Lhc δbh δad − δbd Lhc δah+
+δbc L
h
d δ
a
h − Lhd δbh δac + Lhc δbh δad
= Lac δ
b
d − Lad δbc + Lbd δac − Lbc δad − Lac δbd + Lad δbc − Lbd δac + Lbc δad = 0.
Therefore,
B
aˆbcdˆ
= B
baˆdˆc
= −B
aˆbdˆc
= −B
baˆcdˆ
= Aadbc + 8L
(a
(b δ
d)
c) . (91)
All other components of the tensor are evidently equal to zero.
Definition 37. A generalized Kaehler manifold is called Bochner-flat, or
generalized Kaehler-Bochner manifold, if its Bochner tensor is equal to zero
identically.
Let M be Bochner-flat generalized Kaehler manifold. In view of (91) it is
eqivalent to
Aadbc = −8L(a(b δ
d)
c) , or A
ad
bc = t
(a
(b δ
d)
c) ,
where tab = −8Lab . In view of Theorem 43 we get the following result:
Theorem 45. Four-dimensional generalized Kaehler manifold is self-dual
iff it is Bochner-flat. ✷
6.4 4-dimensional anti-self-dual K
α
-manifolds
Let M be an arbitrary four-dimensional anti-self-dual generalized Kaehler man-
ifold, ϑ ∈ Λ+(M). Then W (ϑ) = 0, and by (77) and (78) we have:
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1) W (ϑ)ba = B
bd
ac ϑ
c
d = 0. In view of Lemma 4, the equality will be written
in the form (Bb0a0 +B
b1
a1)iy = 0, and in view of arbitrary choice of y ∈ C∞ (M),
Bbcac = 0, i.e. A
bc
ac + r
b
a − 16s δba = 0, and thus, 16s δba = 0, i.e. s = 0. Inversely, if
s = 0, then Bbcac = 0, and thus, W (ϑ)
b
a = 0.
2) W (ϑ)ab = Wab
cd ϑcd = 0. In view of Lemma 4, the equality will be
rewritten in the form Wab
01(x + iz) = 0, and in view of arbitrary choice of
x, z ∈ C∞ (M),Wab01 = 0, and thus,Wabcd = 0. By (77) the above is equivalent
to
rca δ
d
b + r
d
b δ
c
a − rcb δda − rda δcb =
1
3
δcdab. (92)
Contracting it by indices b and d, we get: 2rca+
1
2s δ
c
a−2rca = 13s δca, hence, s = 0.
Inversely, if s = 0, then (92) will be written in the form rca δ
d
b + r
d
b δ
c
a − rcb δda −
rda δ
c
b = 0, that is equivalent to r
0
0 + r
1
1 = 0, i.e. s = 0, and thus, W (ϑ)ab = 0.
Hence,
W (ϑ) = 0 ⇐⇒ s = 0,
and we get the following result:
Theorem 46. A 4-dimensional generalized Kaehler manifold is anti-self-
dual iff it is manifold of zero scalar curvature. ✷
Remark. If M is a 4-dimensional compact regular spinor manifold [7] carry-
ing a Kaehler structure of classic type, this result can be essentially strength-
ened. Namely, in this case signature τ(M) of manifold M is computed by the
formula [5]:
τ(M) =
1
12pi2
∫
M
(‖W+‖2 − ‖W−‖2)ηg .
If M is anti-self-dual and not conformal-flat, then it follows that τ(M) < 0.
But then Aˆ-kind of the manifold [5], in 4-dimensional case equal to 116 τ(M),
is also negative, and by the Theorem of A.Lichneriwicz [21] M does not admit
metrics of positive scalar curvature. By the Theorem of Kazdan-Warner [22],
the initial metric on M , being by Theorem 46 a metric of zero scalar curvature,
is Ricci-flat. If M is conformal-flat, then since it is a regular Kaehler surface, its
first Betti number is zero, i.e. the universal covering space is compact and, by
Theorem 46, it has zero scalar curvature, but it is impossible in view of Theorem
44.
Thus, in this case M is Ricci-flat. Inversely, if M is Ricci-flat, then by
Theorem 46 it is anti-self-dual. Thus, we get the following result:
Theorem 47. A 4-dimensional compact regular spinor manifold carrying
any Kaehler structure of classical type is anti-self-dual iff it is Ricci-flat. ✷
An example of such manifold is a K3-surface, i.e. a compact regular surface
with zero first Chern class. It is known [23] that such surfaces form a special
type in Kodaira classification of complex surfaces and they are well studied. It
38
is known, in particular, that all K3-surfaces are diffeomorphic and their Kaehler
structures induced by Calabi-Yau metric are Kaehler-Einsteinian structures [5].
Moreover, by the known result of Hitchin [8] any compact anti-self-dual Ein-
steinian manifold is either flat or covered by a K3-surface, having a Calabi-Yau
metric.
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